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Region Observed (Oi ) Total (Ni )
Rongo 600 10000
Kitweru 600 1000











96 deaths per 1,000 live births
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Region Observed (Oi ) Total (Ni ) Expected (Ei ) SMR (θ)
Rongo 600 10000 960 0.625
Kitweru 600 1000 96 6.25
Kodero Bara 600 6000 576 1.04
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Map of infant mortality in Kenya
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Spatial statistics-Opportunity to contribute
I Spatial statistical analysis has never been in the mainstream
of statistical theory. However, there is a growing interest both
for epidemiologic studies, and in analyzing disease processes.
I ...since spatial statistics is often out of the mainstream of
statistical theory, it is often also out of the mainstream of
statistical software. [Waller and Gotway, 2004]
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I Areal referenced data
• Maps often show raw SMRs (Oi/Ei )-Crude SMR maps
• Naive use of disease mapping can be Misleading
• For small areas and/or rare diseases, risk estimates are very
unstable
I Borrowing strength and developing (Choropleth maps) risk
maps
I Estimation techniques and Inference for:
I Gaussian data (Spatial error, spatial lag and spatial durbin
models)-MLE, REML and
I non-Gaussian data (Bayesian MCMC methods and the
Integrated Nested Laplace Approximation, INLA)
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Let yij be a random variable from the exponential dispersion family
and so the stochastic part of the model is




+ c(yij , φ)
)
The deterministic part of the model
g(E (y|u)) = Xβ + Zu
where u ∼ MVN(0,Σu)
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Parameter estimation in the frequentist paradygm
• The likelihood function is given as
L(β,U, φ; y) =
N∏
i=1






f (yi |U,β, φ)f (ui |U)dui
(1.1)
• cannot be evaluated analytically so ML-estimation leads to
problems. Exceptions are normal-normal models and
poisson-gamma models. For numerical integration we have
the problem of high-dimensional integration
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Let y1, . . . , yn denote response from n areal units and θ denote the
risk or parameter of interest.
f (θ|y)︸ ︷︷ ︸
posterior




f (β, φ, ψ|y)︸ ︷︷ ︸
Posterior
∝ f (y|β, φ, ψ)︸ ︷︷ ︸
Likelihood
f (β|φ, ψ)︸ ︷︷ ︸
Prior
f (φ)f (ψ)︸ ︷︷ ︸
Hyperpriors
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Disease mapping with count data
1. The Poisson-gamma model with a two-level hierarchy
yi |θ,Ei ∼ Poisson(θEi )︸ ︷︷ ︸
Stage 1-Likelihood
, θ ∼ Gamma(α, β)︸ ︷︷ ︸
Stage 2-Prior distribution
.
2. The Poisson-gamma model with a three-level hierarchy
yi |θ,Ei ∼ Poisson(θEi )︸ ︷︷ ︸
Stage 1-Likelihood
,
θ|α, β ∼ Gamma(α, β)︸ ︷︷ ︸
Stage 2-Prior distribution
,
α|ν ∼ hα(ν) and β|ρ ∼ hβ(ρ)︸ ︷︷ ︸
Stage 3-Hyperprior distribution
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I Spatial survival modeling
I Joint disease modeling
I Areas of emphasis: Disease mapping; poverty mapping;
animal movement; public health and epidemiological problem
(in Africa)
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Examples of Standard spatial models for disease mapping
• Interest: Estimating risk of disease (θ);
Response variable: yi ∼Poisson(θEi )
• Univariate (response) spatial methods
GLM GLMM 1−UH model
log(yi ) = log(Ei ) + Xβ log(yi ) = log(Ei ) + Xβ + vi
GLMM-CAR GLMM-Besag, York and Mollie
log(yi ) = log(Eij) + Xβ + ui log(yi ) = log(Ei ) + Xβ + ui + vi
• Spatiotemporal methods
log(yij) = log(Ei ) + Xijβ + ui + vi + τj + ηij
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Models for small area estimation problems
GLM GLMM 1−UH model
logit(pi ) = Xβ logit(pi ) = Xβ + vi
GLMM-CAR GLMM-Besag, York and Mollie
logit(pi ) = Xβ + ui logit(pi ) = Xβ + ui + vi
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Bayesian logistic regression model
• Let yi be the number of infant deaths out of ni live births
cases in district i , i = 1, . . . , n. Assume yi ∼ Bin(ni , πi )
• The Bayesian logistic regression model
logit(πi ) = X
′
iβ
• The posterior distribution is given as
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The Conditionally autoregressive (CAR) Model
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• The logistic regression model with spatial unstructured
random effects is given as





where vi ∼ N(0, σ2).
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Besag, York and Mollie model
• Let yi be the number of infant deaths out of ni live births
cases in district i , i = 1, . . . , n. Assume yi ∼ Bin(ni , πi )
• The convolution model
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Parameters estimation and Inference
The posterior distribution is given as
f (u, v, κ, λ,β |y) ∝
n∏
i=1






f (ui |κ)f (κ)
n∏
i=1
f (vi |λ)f (λ),
Expressible as the Hierarchical model




































× e−κ/0.005κ0.05 × e−λ/0.005λ0.05︸ ︷︷ ︸
hyperpriors
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I The spatial modeling was carried out in WinBUGS 1.4.3
[Spiegelhalter et al., 2002], using Markov Chain Monte Carlo
(MCMC) simulation methodology.
I For all the models, 100, 000 iterations were carried out,
discarding the first 10, 000 samples and storing every tenth
sample, giving 9, 000 samples. These were then summarized
to get the relevant estimates.
I Then, following the approach given in [Kleinschmidt et al.,
2006], the distribution of
p̂i =
exp (X′iβ + ui + vi )




the corresponding 2.5 and 97.5 percentiles were mapped as
estimates of an approximate 95% credible interval for the
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Map of infant mortality in Kenya
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I Focus: Point referenced data; Smooth maps of disease and
ecological phenomena
I Standard Kriging techniques not well developed for
non-Gaussian data;
I Kriging assumes a Gaussian random field and a covariance
function are known exactly-may not be case in practice [Pilz
and Spöck, 2008].
I Poorly estimated theoretical variograms=incorrectly fitted
theoretical models.
I Lognormal [Dowd, 1982], disjunctive [Rivoirard, 1994],
tranGaussian [Christensen et al., 2001]and Bayesian
transformed tranGaussian Kriging [De Oliveira et al., 1997];
I Current Bayesian MCMC approaches are costly in computing
time
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The Bayesian geostatistical linear model
I Model based geostatistics [Diggle et al., 1998]. Assuming
yi ∼ bin(ni , pi ), with
logit(pi ) = β0 + Z
′
iβ + S(xi ),
S = {S(x1), . . . ,S(xn)} , µ(x) = E [S(x)],
γ(h) = Cov {S(x),S(x + h)} and ρ(θ) = σ2 exp(−dij/φ),
φ−rate of correlation decay parameter, and dij = ||xi − xj ||.
I Estimation. The joint posterior distribution is given as
f (β,S , σ2, φ|Y) ∝ f (β,S ;Y)f (S |σ2, φ)f (σ2)f (φ),
I Prediction. Y0 given β̂ , Ŝ , σ̂2, φ̂ is given by
f (Y0|β̂ , Ŝ , σ̂2, φ̂) =
∫
f (Y0|β̂ ,S0)f (S0|Ŝ , σ̂2, φ̂)dS0
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Smooth map of infant mortality in Kenya
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Currents trends on spatial methods for relative risk
estimation
• Univariate (response) spatial methods
• [Clayton and Kaldor, 1987, Besag et al., 1991, Marshall, 1991,
Kazembe et al., 2006, Kazembe, 2007]
• Spatiotemporal methods
• [Bernardinelli et al., 1995, CARLIN and LOUIS, 2000, Böhning
et al., 2000, Knorr-Held et al., 1998, Knorr-Held and
Richardson, 2003]
• Spatial survival & Longitudinal methods
• [Oleson et al., 2008, Manda et al., 2012b, Banerjee and Carlin,
2003, Banerjee et al., 2003, Carlin and Hodges, 1999]
• Joint disease mapping
• [Manda et al., 2012a, Kazembe et al., 2009]
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1. Geospatial modeling of Infant mortality in Kenya
2. Bayesian semiparametric modeling and mapping of
self-reported fevers using routine data in Kenya
3. Bayesian spatiotemporal modeling and mapping of TB in
Kenya
4. Bayesian spatiotemporal modeling and mapping of malaria in
Angola
5. Joint modeling and mapping of HIV, HSV-2 and STI’s in
Kenya
6. Spatiotemporal modeling of Elephant movement data from
the Kruger National Park
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